Theory of Machine Learning

Tommy He

1 General ML Bounds

Definition 1.1. Some initial commonly used definitions and notations:
* Domain: set of objects we are trying to label; denoted X with instances x € X
* Labels: set of labels for the objects in the domain; denoted Y with y € Y
* Data generation model: an unknown, arbitrary data distribution; denoted D, p

* Training data: finite sequence of pairs in X X Y drawn iid from D; denoted S = S,,;, =
{(XI,YI), Y (xm’ ym)}

* Hypothesis/predictor/classifier: rule used by the learner to predict the label of new domain
points; denoted i : X — Y with h € hypothesis class H

* Concept: map from domain to labels which we are trying to learn; denoted C : X — VY with
¢ € concept class C

* True labels: function on X giving the true labels for each domain point; denoted f : X — Y

* Loss: an arbitrary loss function on between predicted value and true value; denoted ! : Y XY —
R+

0 ify=y’
* 0-1 loss: loss on Y x Y defined by (y,y’) — {1 11y Y ; denoted ly_y
else

* Global/generalization loss/error of predictor/risk: the generalization error of a hypothesis
h € H i.e. the expected error on a distribution D; denoted L, R, L(p  ¢).

L(h) = L(p,f)(h) = Pxop(h(x) # f(x)) = Ex-p[lo-1(h(x), f(x))]

» Empirical/training error/risk: the average error of a hypothesis 7 € H over sample from D;
denoted Ls,Ls,Rs, R

Ls(h) = %Z lo-1(h(xi, yi))
i=1

We often choose / to minimize L g (), the empirical error, when we actually want to minimize L(h),
the generalization error. So, we wish to study the gap L(h) — Ls(h) to see what we can say about it.



Definition 1.2. Concept class C is PAC-learnable (Probably Approximately Correct) if V¢ € C,3
learning algo. s.t. Ve, > 0,3m = f(&, ) for function f s.t. if you have m iid samples on any distr.
PDonlkX,
P (Lp(hs)<e)=21-9
JF . (Lolhs) <#)

Definition 1.3. H is realizable, if 3 target concept ¢ € H with L(c) = 0. Hypothesis hg is consistent
over S if Lg(hs) = 0. We have y; = ¢(x;), hs(x;) for 1 <i < m.

Theorem 1.4 (Learning Bounds; finite H, consistent). Let H be finite and realizable with target
¢ € H, sample S, and algo. A returning consistent hypothesis hs = A(S, c¢). Then, Ve, > 0,

1 1
Ps.pm(L(hg) <&)=1-6ifm > — (10g7~(+10g 5)
€

1 1
oL(hg) < . (logﬂ + log 3) with prob. >1-¢6
Proof. Fore > 0,let H, :={h € H | R(h) > &}. Then for h € H,, m|

Lemma 1.5 (Hoeftding’s). Foriidrv 6y,---,60, withB6; = pandP(a < 6; <b) =1Vi: 1 <i <n,

we have Ve > 0,
Pl ie el <2 ~2me”
x— ;= gl <2exp|—

Corollary 1.6.
P(Ls,, (h) — Lp(h) > &) < 2exp(-2ms?)

where the loss function is in [0, 1] and S, denotes a test set. Note that this no longer applies
post-training as the loss functions are no longer independent.

Proof. Apply Hoeffding’s Lemma to the test set Siest = {(x1, Y1, , (X, Ym)}, and note that Ls,_, =
% ity lo—1(h(x;), y;) and (x1, y1) are iid from D.

Corollary 1.7. Vo > 0,

l02(2/3
Ls,,(h) = Lp(h) < \/# with prob. >1-6
m

Proof. Since P(Lg(h) — Lp(h) > &) < 2exp(—2me?), we have P(Ls(h) —Lp(h) < &) > 1
2 exp(—2me?), which means we can write

P(Ls(h) — Lp(h) < &) 2P(Ls(h) - Lp(h) <eé)
> 1 - 2exp(-2me?)

Now let us substitute & = 4/ %. Solving this also gives 2me? = log %. Plugging in,

log § 2
P|Ls(h) — Lp(h) < > 1 —2exp(-2me”)
0
=1-2exp(-log 5)
=1-6
as desired. O



Rademacher Complexity

Definition 1.8. A Rademacher variable is anrv o = (o7, -+, 03,) foriid rd 8;Vi :

uniform values in {1, 1}.

1 <i <m with

Notation 1.9. Let G be the family of loss functions associated with H for an arbitary loss / : ¥ XY —

R. Explicity,
G = {g defined by (x,y) = I(h(x),y) |he H};g € G
Let Z = X XY where z; = (x;,y;)Vi: 1 <i < m.

Definition 1.10. The empirical Rademacher complexity for S = (z1,- -+, zn) 1S
— 1 u
Rs(G) = —E|sup > 0ig(S;)
Mo |seg o

Definition 1.11. The Rademacher complexity for distrbution D, m > 1 is

Rn(G) = E Rs(G)

Definition 1.12. Function ® : Z™ — R satisfies bounded difference inequality with constant ¢

(ct, v em)ifVay, o szm 2 € Z,j 1 1< j <m,

/"'.. 9Zm)SC_]

Theorem 1.13 (McDiarmid’s). Let S = (21, ,2m) foriidrvz;Vi: 1 <i <mand ® : Z™ — R

satisfy bounded difference inequality with ¢ = (c1, -+ ,cm). Then

P(D(S) - ED(S) > &) < 2exp (2_2‘92 )

i C%
Ve > 0.
Example 1.14. Take ® : Z™ — R defined by ®(S) = % " x;i = wherex; € [-a,a]Vi:1<i<
m. Then @ satisfies bounded difference inequality with ¢ = (%“, e, %“), which we can check

Xi—X; 2a

1
D(S) - D(S') = #—(xi —x7) <
m
By McDiarmid’s Theorem, we can conclude

me

2
P(g—u >¢€) <exp (——2)
a

Notation 1.15. Let IEg be the empirical loss with g given by

—~ 1 &
Igg = n—izllg(zi)
i=

Let (h)* denote max(h,0).



Theorem 1.16. Let G be the losses mapping into [0,1]. ThenVg € G,6 > 0,

log
2m

Sl=

Eg(z) < %g + 2R (G) + with prob. >1-6

Proof. Let @ defined by @(S) = sup,cg (]Eg - };Eg) We find that

D(S) — O(S’) = *sup |BEg — Eg) — sup (Eg - Eg) (1)

g€G S g€G S

= xsup |Eg — E ()
geg s S'g)

— sup g(zi) - g(zl-)) 3)
g€gG m

< L 4
m

where (2) comes from knowing Eg — %g and Eg — %g are bounded, since each g € G maps into [0, 1].

Similarly for (4), this implies —1 < g(z;) — g(z;) < 1 to finish. With this, we know ® satisfies the
bounded inequality with ( n%, cee n%), which allows us to apply McDiarmid’s Theorem to give

P(®(S) - E®(S) > &) < 2exp(—2me?)

Ve > 0, which we can rewrite with £ = logéi{‘s) to give
log% .
O(S) <ED(S) + with prob. > 1 - =
S 2m
V6 > 0. Replacing g with ¢ now gives
log% )
D(S) <ED(S) + with prob. >1-6
S 2m
Notice we also have
E®(S) =E Eg-E
5009 = (26 5




By definition, Eg = E@ g, So we can rewrite the above as

g e[g ) <[ (e %) ®
1 m
= (Z Zl(g@ - g(zi»)] (©)
b (% Zcri(g(ZE) —g(zi))ﬂ @)
1 m
= | Sup ( Z i (g(zl))) s | SUp (m > —m(g(ZZ)))] ®
i=1
= 27€m(§) ©)

where the Rademacher variables in (7) hold beacause if 0y = 1, then the equation is the same as
before. If oy = 1, then we can flip that particular z; and z; to get the same. Since it is the expetation
over all §,8’, equality still holds. (8) comes from the linearity of sup and E. Putting the results
together yields the desired equation. O

VC Dimension

Definition 1.17. Let H be a hypothesis class and finite C € X. Then H shatters C if H realizes all
possible labels on C.

Definition 1.18. The VC dimension of a hypothesis class H, denoted VCdim(H), is the size of the
largest C s.t. ‘H shatters C.

Example 1.19. Let X = R?2, Y = {0,1},H = {h : R? = {0, 1}, h(x1,x2) = sgn(Baxs + B1x1 + Bo)}.
Note that as long as we can find some C with size k s.t. H shatters C, then VCdim(H) > k. In this
case VCdim(H) = 4 as we can always find an assignment in {0, 1} for the 4 points s.t. the line does
not separate them correctly. In general, in R, VCdim(H) = d + 1.

Example 1.20. Forfixedk € N,letX =R, Y ={0,1},H = {h: R — {0, 1}, h = 1 (union of k intervals)}.
Here, we have VCdim(H) = 2k by looking at the case where we alternate the points between 0, 1.

Example 1.21. Let X = R%2 Y = {0,1},H = {h : R> — {0, 1}, h = 1(axis-aligned rectangle)}.
Then, VCdim(H) = 4 since if we take any 5 points and label the outer four with 1 and inner one with
0, then it can not be achieved.

Theorem 1.22 (Vapnik).

~ 1 2m )
R§R+\/ (H+Hlog( ) log(4))withpr0b.21—6

where H is the VC dimension.



2 Reproducing Hilbert Kernel Spaces (RHKS)

Definition 2.1. Function K : X X X — R is an SPSD kernel if
1. K is symmetric (S)i.e. K(x,y) = K(y,x)Vx,y € X

2. K is positive semi-definite i.e. Vxy,--- ,x, € X, [K;;] = [K(x;,x;)] is a positive semi-definite
(PSD) matrix.

Example 2.2. For X = R?, K : X x X — Rdefined by K(x,z) = ((x,2))" or K(x,z) = (1 + {x,z))™
for m > 2 is an SPSD kernel, specifically the polynomial kernel.

Example 2.3. ¢; = sin (M) fori = 1,2, - is an orthonormal basis for functions [0, 1] — R.
Take the function vector defined by ® = (\/iu1¢1, V22, - s VHiPi, - -+ ) With 372y < 00, ;> OVi
(where the y; are to shrink the norm to be finite). Then, the function K : R X R — R defined by
(x,2) ¥ (p(x), ¢(z)) is an SPSD kernel.

Definition 2.4. Hilbert space H of functions on set X is a reproducing kernel hilbert space (RKHS)
if the evaluation functional over H is continuous i.e. Ly := f +— f(x)Vf € H,x € X is continuous or
boundedi.e. AMy > O s.t. |[Ly ()| =|f ()| < Mx ||fllgVf € H,x € X.

Proposition 2.5. By the Riesz representation theorem, ¥x € X,3!K, € H with the reproducing
property s.t. Vf € H,L(f) = (f,Kx)y. By Riesz again, for y € X,3'K, € H with K.(y) =
Ly(Ky) = (Kx. Ky),,.

Definition 2.6. The reproducing kernel of hilbert space H is defined by K : X XY — R, (x,y) —
(Kx, Ky>H, which is an SPSD kernel, for K, K, defined as above

Theorem 2.7 (Moore-Aronszajn). Every SPSD kernel K on X defines uniquely a RKHS of functions
on X for which K is a reproducing kernel.

Theorem 2.8 (Representer Theorem). Take a SPSD kernel K : X X X — R with RKHS H. Let
(x1,91), s (Xn,yn) € X X R be a training sample, g : [0,00) — R a strictly increasing func-
tion, and E : (X X R)" — R U {oo} be an error function. Any minimizer of the regularized
empirical risk functional f — E((x1,y1, f(x1),- "+, (Xn, Yu, f(xn))) + gl fl)on H has the form
x = 2 K (x,x;) for a; € RV

Remark 2.9. The representer theorem greatly reduces the complexity required to search for an optimal
function as it reduces the search space from all functions in |H| to the n constants @; in R".

3 Reinforcement Learning

Definition 3.1. The probability simplex of a set N is the set of all possible probablity distributions
over N, denoted A(N). If N is discrete, then

A(N) = {x € R!\él

n=1

Definition 3.2. A Markov Decision Process (MDP) is a tuple M = (S, A, P,r,7y, u) where



* § is the state space
* A is the action space (finite)

e P:SXA — A(S) is the transition function where the probability of reaching state s” from s, a
is P(s’ | 5, a) for P defined by P(s, a)

* r:SXA — [0,1] is the immediate reward function
* v € (0, 1) is the discount factor
o 1 € A(S) is some intial distribution
that satisfies the Markov property or the memoryless property
P(s" | 17,a) = P(s" | s¢,0a)

Note that we are taking discounted infinite horizon MDPs, in which we interact with the environment
infinitely many times.

Definition 3.3. The history H is the collection of all trajectories T, = {50, A0, 70, S1, @1, F1> " » St, Ars ¥t ).

Definition 3.4. A policy n : H — A(A) is a decision making strategy in which the agent chooses
actions adaptively. It is a stationary policy if m : S — A(A) and a deterministic policy if n : H — A.

Definition 3.5. The value V™ : S — R captures how valuable it is to be at a state s given policy 7 and
is defined by

o

DY (s an)

t=0

V*(s) =E

T, 80 :s}

Definition 3.6. The Q-function Q™ : § X A — R captures the quality of a state s and action a given
policy & and is defined by

Q7 (s,a) =E

(&)
t — —
> ¥'r(sear) | 750 = 5,a0 = a]

t=0

Our goal for an agent in state s is to find a policy 7 that maximizes its value or 7* € argmax ..y V7’ (s).
Proposition 3.7 (Bellman equations for stationary policies).
Q7 (s,m(s)) = V" (s)

0"(s.0)=r(s.a) vy B [VX(s)]



Proof. The first equation is straightforward by considering that we get the action 7 (s) from following
m at state s. For the second equation,

0" (s,a) =E Z Y'r(ss,a:) |7, 50 = s,a0 = a] (10)
t=0
:]E r(s,a)+Zytr(st,a,) n} (11)
=1
= r(s,a) +YB| D 7' r(sis1, ars1) ﬂ] (12)
t=0
=r(s,a)+yE| B N yr(sea) |mso = (13)
s'~P(-|s,a) pr
=r(s,a)+y E [V™(s)] (14)
s'~P(-|s,a)

where (13) comes from noting s; ~ P(- | s,a) originally and shifting the indices by the Markov
property. We then get to our result (14) by Fubini-Tonelli and the definition of V7 (s). O

Theorem 3.8. Let
V*(s) == sup V" (s)

nell

Q*(s,a) = sup V" (s,a).

nell
Then, 37 € Uy ger s-t. Vs,a,€ S X A,
V7 (s) = V*(s)
Q" (s,a) = Q" (s, a).

Theorem 3.9 (Bellman optimality equation). We say Q : S X A — [0, 1] satisifes the Bellman
optimality equation if Vs,a € S X A,

max Q(s’,a’)
u/

,a) =r(s,a)+ E
Q(s.a) =r(s,a) Yol

Then, Q = Q* <= Q satisfies the Bellman optimality equation. Furthermore, policy w,s >
argmax, Q*(s, a) is an optimal policy.

Proof. We start by showing V*(s) = max, Q*(s,a). Let 1% € Ilat der be an optimal policy as per
previous theorem. o

Theorem 3.10 (Bellman Operator). The Bellman Operator is T* : (SX A — [0,1]) > (S X A —
[0,1]) s.t.

(-Is.a

(T f)(s,a) =r(s,a) + ys/NPE : [n}f,le(S',a’)

Remark 3.11. We have T*Q* = Q*, which gives a way to find Q* by repeatedly applying the Bellman
operator. Note that T is also contractive in the sup norm, or ||[T* f —= T*g|l.o < ¥V If — &l



Definition 3.12 (Greedy). The greedy policy 7 is defined by s — arg max, Q(s, a).
Lemma 3.13 (Singh & Yee). VO : S x A — [0, 1],

o s e 212 -0l

I—y

Proof. For a state s € S, we have

Vi(s) =V (s) =Q7 (s, 7" (s)) = Q7 (s, m0(s)) 15)
=0 (s,77(5)) = Q" (s, ma(s)) + Q" (s, m0o(s)) — Q"2 (s, 7m0 (s)) (16)
=0"(5,7*(5)) = Q" (5,70 (5)) + YEy-b(.|5,70(s)) [V2(s") = V*(5)] A7)
=Q"(s,77(5)) = Q(s,77(s)) + Q(s,m0(s)) — Q" (s, 10 (5))+ (18)

YEsp(1s.70(s) [V (s") = V(5]
20 - Qe + ¥ IVF =Vl 19)

where (3) comes from expanding by the Bellman equations and the linearlity of E. (4) we have from
Q(s,m*(s)) < Q(s,mp(s)) by optimality, and (5) we get from the definition of the sup norm. Then,
we have

(Vi(s) =V (s)) =y IV' = V™|l <2110 - O"llo

= (1=-9)(V(s) =V7™(s)) <210 - Q"ll

2 _ *
A [ 4
1—y
by the definition of the sup norm again and moving terms around. O

Value Iteration
Theorem 3.14. Let Q° = 0,k € N and suppose Q¥+ = T*Qk. Let n* = nok. Then, for k >
1 2
= log oy
k £
VT 2V -¢

Proof. We know [|Q*||., < ﬁ Ok = (T")*QY and Q* = T*Q".

o = [T Q" - ()%
< ”Qo 0|
<(1- (1)t

-y

_exp(=(1—y)k
R

”Qk _ Q*

[ee)

Policy Iteration

Theorem 3.15. Let ny be any policy. For k > ﬁ log ﬁ, the kth policy in Policy Iteration has

VT >V —¢g



Prediction & Control
How can we control?
1. Model Based Methods: Estimating P, 7

count(s, a, s”)

P(s’" | s,a) = NGO

2. Model Free Methods: Estimating V7”
Prediction: given m, how can we find V7?7 Our goal is to find a V such that V ~ V™. So, we
will play policy m where we update

See1 =11 +¥YVi(sr41) = Vi(sy)

Vise1(s) < Vi(s) + @ Siq1

over steps t. This is called temporal difference (TD) learning where S;;; is the TD error. We
want E[S;41 | ---] = 0. Define

FV(s) = E[r; + yVi(st41) = Vi(se) | ¢ = 5]

Assume the Robbins-Monroe condition on {a;, : t > 0} i.e. Y @, = 00,2%2 < oo. The
sequence {V; : ¢t > 0} traces out the trajectory of the ODE d—‘iv(z‘) = K - FV(¢) for constant K,
which is asymptotically stable and converges a.s. to V™ (Szepesvari, 2009).
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