Intro to Algebraic Geometry

Tommy He

1 Introduction

Some basic questions we aim to consider are
* How do we know when 2 collections of polynomials have same vanishing set? Nullstellensatz
* What do varieties look like locally? smoothness & singularities
* How do we build new varieties from old ones? morphisms & blowups
* When are varieties “equivalent”? moduli & birational geometry
* How do curves intersect? intersection theory

* Relation of algebraic geometry with other fields

2 Algebraic Sets

Definition 2.1. The n-dimensional affine space A} over k is k" with vector space k[Xi, -+, X, ].

Remark 2.2. Every f € k[Xj,---, X,] is an evaluation polynomial on x € A} where we will write
f(x) to denote the evaulation.

Definition 2.3. For S C k[ X, -, X, ], its vanishing set is

V(S) ={x e A} | VP e S, P(x) =0},
where V(S) is an algebraic set aka closed embedded affine variety.
Example 2.4. If n = 0, then V(1) = @ and V(0) = A].

Example 2.5. If n = 2, we have "lines” V(y —ax — b) = {(x,y) € Ai | y = ax + b} and “conics”
V(agx® + ayxy + azy* + box + b1y + ¢).

Example 2.6. When n = 2, take the points (£,2) in V = V(x* + y* = 1) over Q.

Claim 2.7. There are infinitely many primitve Pythagorean triples.



Proof. V forms the integers u, v, p, ¢ € Z such that (vp)? + (ug)*> = (uv)?. Therefore, we find them
to be in 1-1 correspondence with Pythagoren triples

V & {primitive Pythagoren triples}.

By the correspondence above, we only need to show that there are infinitely many points in V. Taking
any point in V'\ {(0, 1)} and finding the projection from (0, 1) onto the x-axis gives a bijection

VA{(0.D} & Ay =Q.

Example 2.8. The vanishing set depends on the choice of k. Take f = X? — ¢ € k[X].
o If ¢ =0, then V(f) = {0} for any k.

{£+/c} if ¢ has square root in k.

e Ifc#0,thenV =
¢ () {@ else.

From now on, we assume our field k is algebraically closed and characteristic O.

3 Regular Functions

Definition 3.1. For algebraic set V C A", map f: V — k is a regular function if it is the restriction
of a polynomial function on A”. Denote O(V) the set of regular functions on V.

Proposition 3.2. O(V) is a k-algebra.

Proof. O(V) is a unital ring under pointwise addition and multiplication by (f + g)fv =f |v + g|V
and (f g)|V =f |Vg|v with identities given by constant functions 0, 1. We also have an injective ring
map k — O(V), so we have a k-algebra. O

Corollary 3.3. Restriction defines a surjective algebra map O(A") - O(V). From this map we find
O(V) = O(A" /I forideal I = {f € O(A™) | f|, =0}

4 Hilbert’s Nullstellensatz

Definition 4.1. The radical of ideal I in commutative ring R is
Vi={reR|r"el,neZ}.

An ideal is radical if I = VI.

Theorem 4.2 (Hilber’s Basis Theorem).



First, we define maps

\%
{T CO(A™)} {W C A"}
1’\1/
T > V(T)={peA"| f(p)=0Vf€eT}
I(W)={f €O(A") | f(p) =0¥p € W} — w

Remark 4.3. Immediately, we can see that V and / form a Galois connection since W € W/ —
TW)CcT(W)andT CT' = V(T) 2V(T")

Lemma 4.4. For W C A", we have (W) 2 O(A") is radical.
Proof. First, to show that (W) < O(A"), take any w1, wp € I(W), t1,t, € O(A™). Then,
W1|W = W2|W =0= t1W1|W = t2W2|W =0

= t1W1|W + t2]7‘StW2W =0

= (tjw + t2W2)|W =0

which show t{w + towy < O(A"™). To show I(W) is radical, it’s first evident that \/I(W) C I(W).
Then, we have

weNI(W) = w' e (W) forieZt
= w(p) =0VpeW
= w(p)=0
= wel(W)

Lemma4.5. ForT C O(A"),3ty,--- ,t; € O(A") 5.t. V(T) =V ((T)) =V (t1,- - ,1)).

Proof. To see V(T) = V((T)), it’s first evident that V((T)) C V(T) by the Galois connection above.
Then, take any p € V(T) and ¢t = Zf.zlf,-tl— e (T) : fi € O(A™),t; € T. Notice that g;(p) = OVi,
and so p € V((T)). Now, we can assume that T is an ideal. By Hilbert’s Basis Theorem 4.2}
O(A") = k[X1, -, X,] is Noetherian, andso T isf.g. asT = (¢1,--- ,t;) forsomet(,--- ,5; € T. O

By Lemma[4.4]and Lemma4.5] we can restrict the above maps to

%
{radical T < O(A")} {algebraic W C A"}

NS



Theorem 4.6 (Hilbert’s Nullstellensatz). The maps V, I are mutual inverses:
1. For algebraic set W C A", V(I(W)) = W.

2. ForT 4 O(A"),I(V(T)) = VT =T if T radical.

5 Zariski Topology

Definition 5.1. For set S, a topology on S is a family of subsets called the closed subsets such that
1. @ and S are closed.
2. if Xq,---, X; are closed thensois X; U --- U X;.
3. if X; : i € T are closed for arbitrary index set 7 then so is ();c 7 Xi-
A subset of S is open if its complement is closed. A fopological space is a set with a topology.
Definition 5.2. Subset T of topological space S is dense if any of the following equal conditions hold.
1. cIT =S.
2. Vs € S, every neighborhood U of s intersects S.
Theorem 5.3. The algebraic sets form a topology on A".
Proof. 1. V(O(A™)) = @ and V({0}) are algebraic.

2. Take closed V| = V(I;),V, = V(I,) € A". We claim that Vi UV, = V(I N L) = V(I 15).
First, notice that

hhchnh chul, = V(LL)2V(L[)NV() 2ViUW,

by the Galois connection. Conversely, take p € V(I11,). If p € V|, then we are done so suppose
p ¢ V). Then, let fi € I; be such that f;(p) # 0. For any f, € I,, we have since p € V(I 1]»)
that fi(p) 2(p) =0 = fo(p) =0,and so p € V(IL)Vf € I, f(p) = 0. By induction, we
find closure for any finite union.

(Yvi=(\v)

iel iel
={peA" | f(p)=0VfelVieTl}

=V (U V(I,-))

iel

Definition 5.4. The topology of algebraic sets in Theorem [5.3|on A" is the Zariski topology.

Remark 5.5. More generally the algebraic subsets V’ C V for algebraic set V C A" form a topology
on V, which is the subspace topology on V and called the Zariski topology of V.
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Lemma 5.6. V ¢ Al is closed iff it is finite.

Definition 5.7. For algebraic set V and W C V, the closure of W is the smallest closed subset of V
containing W

W = ﬂ U =V(I(W))
wcucv
algebraic

6 Irreducibility

Definition 6.1. Algebraic set V is reducible if 3 closed V,V, € X s.t. 'V =V, UV,. Else, V is
irreducible.

Example 6.2. Let I(V) = (f) for f € O(A"). Then V is irreducible iff f is irreducible.
Proposition 6.3. For algebraic setV C A", TFAE

1. Vs irreducible.

2. Y open, nonempty U,V CV,UNV # @.

3. Any open, nonempty U C V is dense.

4. Ideal I(V) C O(A") is prime.

5. Algebra O(V) = O(A™)/I(V) is a domain.
Example 6.4. A" is irreducible since k[ X1, -- - , X;] is a domain.

Theorem 6.5. Every algebraic set V. C A" can be written as Vi U - -- UV, for closed, irreducible
Vi,--,Vu SVandV; & X; ifi # j, unique up to permutation.

Definition 6.6. Asin Theorem[6.5 V = V;U---UV,, isits irreducible decomposition where Vi, - - - , V,,
are the irreducible components.

7 Regular Maps

Definition 7.1. For algebraic sets V| € A", V, € A™ map ¢ : Vi — V, is a regular map if
¢ =(¢1,  , om) where ¢; € O(V1) such that im(g1, -+, ) C V2.

Remark 7.2. The algebraic sets with regular maps as morphisms form a category. The regular maps
¢ : Vi — V, correspond contravariantly bijectively with k-algebra homomorphisms ¢* : O(V,) —
O(V}), ¥ — Y via post-composition.

Lemma 7.3. Every regular map ¢ : Vi — V, is continuous in the Zariski topology.

Definition 7.4. A regular map ¢ : V| — V; is an isomorphism if it is bijective and ¢! is regular.



8 Dimension
Definition 8.1. The dimension of algebraic set V C A" is
dimV =sup{m € Z>o | Vo S V1 € --- C V,,, : V; closed, irreducible Vi}.
Equivalenty, dim V is the Krull dimension of O(V) given by
dimO(V) =sup{m € Z>o | IO(V)ly 21} 2 --- 2 I, : I; prime Vi}.
Remark 8.2. Immediately, we have V| C V, = dim V| C dim V5.
Theorem 8.3. dim A" = n.
Corollary 8.4. IfV C A", then dimV < n.
Definition 8.5. If algebraic sets V| C V, are, then the codimension of V; in V; is
codim(Vy, V) = dim(V;) — dim(V;)

Theorem 8.6 (Special Case of Krull’s Hauptidealsatz). For algebraic setV C A", TFAE

1. Every irreducible component of V has dimension n — 1.

2. V=V(f) forsome f +0 e O(A").

Definition 8.7. A hypersurface is an algebraic set V where dimV =n — 1.

9 Tangent Spaces
The Zariski tangent space of algebraic set V. C A" at point p € V is
TyX ={veA" |Vf| -v=0Vfel(X)}

Proposition 9.1. If I(V) is generated by fi, -, fj, then for p € V,v € T,V
ker J(fi,- -, fj), where J is the Jacobian.

Proof. Let f =g1fi+- -+ gunfn for g; € V. Then,
n
Vil = D e p)VA, + Vel f:
i;l
= > &)V,
i=1

since fi(p) = 0. Therefore,v € T,V Vﬁ|p\> =0 & veker(J(fi, -, fj))-

—
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Example 9.2. Take V = V(xy) where I(V) = (xy) generated by f = xy. Then,

I=(% &)=0 ¥
(O x) X — axis
= (y 0) y — axis
(O 0) origin

Via Prop we find the tangent space

0
T,V =kerJ = (0

%

(*)*ek ponx —axis \ {(0,0)}

)*ek ponx —axis \ {(0,0)}

k2 p at (0,0)
Example 9.3. If V C A" is a hypersurface with I(V) = (f), then
_ (of of
IH=(£ - £
and so there are 2 possibilities:

J(f)|p¢0 = dim7,V=n-1
J(f)|p=0 = T,V = k"

T,V as Derivations

Definition 9.4. For k-algebra A with a, b € A, aderivation is a k-linear map D : A — A that satisfies
the Leibniz rule:
D(ab) = D(a)b + aD(b).

Definition 9.5. For point p € A", direction vector v € k", and f € O(A"), the directional derivative
is

vp(f) = V1] v
which gives a k-linear map O(A") — k, f = v, (f).

Lemma 9.6. If D is a derivation, then D(1) = OVA € k.

Proof. First, note that D(1) = D(1-1) = 1D(1) + D(1)1 = D(1) = 0. Then, by linearity,
D(1) =aD(1) =0. m]

Lemma 9.7. Every derivation D of O(A") based at point p € A" is a directional derivative.



Proof. By Taylor expansion around point p and linearity, we have

Ms

1 i i
D= 250 (virl, - - p))
%f
=D(f(P) + V], Dl =p)+ Y =] (D((xi=pi)(x; = pj)) + -+
— i,j Xi x] p
o’ f
=0+vp(N)+ ), 5| (P&i—pi) (= pj)+ (i = pi) DOxj—pj)) + -+
i Orioilp —_—
pj=pj=0  pi=pi=0
=Vp (f)
O
Corollary 9.8. T,A" = {derivations O(A") — k based at p} and has a canonical basis 6%1| RN %
p n

p

Corollary 9.9. T,,V" = {derivations O(V) — k based at p}.

T,V as Ring Homomorphisms

Definition 9.10. Ring k[&]/e*> = k @ ke is the dual numbers

Proposition 9.11. There is an isomorphism between derivations based at p and certain homomor-

phisms of O(V) — k[e] /&%

Proof. For derivation v : O(V) — k at p, map v : O(V) — k[e]/e?, f — f(p) +v(f)e is aring
homomorphism. We can check

v(f)v(g) = (f(p) +v(f)e)(g(p) +v(g)e)
= f(p)g(p) +v(f)g(p)e + f(pIv(g)e +v(f)v(g)e

v is derivation 0

(fe)p) +v(fg)e
=v(fg)

T,V as Thickened Points
T,V as Quotient of Maximal Ideals

Definition 9.12. The dual vector space of T),V is the cotangent space and denoted T,V = m,, / m%,



10 Smoothness and Singularities
Definition 10.1. The local dimension of algebraic set V C A" at p € V is
dim,, V = max{dim W | W irreducible component of V : p € W}

Definition 10.2. Point p € V is smooth if dim7,V = dim, V. Else, p is singular and dim7,V >
dim,, V. The singular locus and regular locus of V are the sets of singular and smooth points i.e.

Vsing = {p € V | dimT,V # dim, V}
Viee ={p €V | dimT,V = dim, V.}
V' is smooth or nonsingular if V.=V, ..
Theorem 10.3. The following are true.
1) Vj>0,8;(V)={peV|dimT,V > j} CVisclosed.
2) dimT,V > dim, VVp € V.

3) If p € V is contained in more than one irreducible component of V, then p is singular. Else, p
is in a unique irreducible component V,, C 'V, and p is smooth in'V iff p is smooth in V.

4) Vyey is open and dense. Equivalenty, Ve is closed and does not contain an irreducible
component of V.

Definition 10.4. For commutative ring R with ideal I < R, the completion of R along I is R, =

{(fi, for--- ) €I, R/ | fi = f; mod I'Vi < j}.
Remark 10.5. Equivalenty, the competion is given as the inverse limit
R/I « R/I> « R/I® « ---

where we have R; = lim; R/I.

Remark 10.6. Let m = (x;);e[n] < O(A") be the maximal ideal corresponding to 0. Then, quotients
correspond to truncating powers as O(A")/m! = {polynomials with deg < [}, which gives the
commutative diagram

O(A™)/m!

O(A") — k[x1, -

: ’xn]]

OA"/m =k



Definition 10.7. For algebraic set V and p € V, the completion of O(V) along maximal ideal m, is

Ov.p = limO(V)/mi,

Remark 10.8.,\ We have map 5V,p -k, (fi, o) = filp) (= fj(p)Vj) with kernel a maximal
ideal m, C Oy, p.
Proposition 10.9. The following are true.

1) The canonical homomorphism O(V) — (/)\V’ p 1s injective. (Follows from Nakayam’s Lemma)

2) (/)\V, p has no nonzero nilpotent elements.

3) (’)\V, p s Noetherian.

4) Oy /i, = O(V)/mi VI >0

5) i, /my = m,/m2,

Theorem 10.10. Letn = dimT,V and suppose xy,- - - , x, € W, project to a basis for T;V = Wi, /M3,
Then, 3f1,--- . f; € ﬁii s.t.

Ov’p = kl[xl’ e 9xn]]/(f1a T 7.fj)
Corollary 10.11. Let n = dim T,V and supposed p € V is a smooth point. Then,
5V,p = kfxy, - xn] = 5A",O

Example 10.12. Take V = V(y? — x> —x?) where I(V) = (y?> —x® —x?) generated by f = y> —x> —x2.
Then,

0

a = —x(3x + 2)
af

2 _9

dy Y

Therefore, we find

Vsing = V(»* = x> = 2%, x(3x +2),2y)
= V(@ (x+1),x(3x +2),y)

={0UV(x+1,3x+2,y)
|
no common Zeros

= {0}
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11 Cones

Definition 11.1. A conein A" with vertex p € A" isan algebraicset W C A"st. ge W — pgc W
or W = Ulines Lcw

Example 11.2. Examples of cones with vertex at 0: V(xy), V(xy(x — y)(x — 1y)) € A% and V(x* +
2_.2 3

Y- —277) CA°.

Nonexamples: cusp V(y> — x3) C A%, Whitney umbrella V (x? — zy?)

Definition 11.3. Polynomial f € O(A") = k[xy,- - ,x,] is homogenous of degree d if it is a linear
combination of monomials each with total degree of d i.e.
f= Z ail,---,i,,x?"'x;"Ek[xl""’xn]
i1+ +ip,=d

Proposition 11.4. f is homogenous of degree d iff

fQp) =29f(p)VA € k,p € k"

Proof. We prove both directions.
( =) : Plugging in A gives it immediately by linearity.
( <) : If f were not homogenous of degree d, then dp € k", 1 # 0 € k s.t. f(p) # 0 and
f(Ap) = 0. To see this, note f #, so pick p € k" s.t. f(p) # 0. Observe f(Ap) must vanish at a
nonzero A by dividing out until largest exponent of A. Then, f(1p) = A4f(p)VA € k,p € k™, but
f(Ap) = 0so A =0 which is a contradiction.

m|

Lemma 11.5. For closed X € A", TFAE
1) X is cone with vertex (.
2) X is closed under rescaling i.e. p € X — Ap € XVA € k.
3) I(X)=(fi, -, fi) for homogenous polynomials f1,--- , fi.

Definition 11.6. For algebraic set V s.t. 0 € V, the initial term of polynomial f € I(V), is the
homogeneous component of lowest degree in f denoted in(f). Correspondingly, the initial ideal is
the ideal generated by the initial terms in(/)(V) = (in(f)). TODO: FIX UP

Definition 11.7. The tangent cone of V at 0 is
TCy(V) =V(in(I)(X)) c A"

Example 11.8. Let V = V(y%? — x3), where f = y?> — x3. Then, in(f) = y?, and so TCy(V) = V()
or the x-axis.
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12 Projective Space

Definition 12.1. The projective space P" is the set of all lines in A™*! through 0. The projectivization
of a finite dimensional k-vector space is P(V) = {L <V | dim L = 1}, so P" = P(k"**1).

Remark 12.2. We can define an equivalence relation ~ by v ~ w if v = Aw for some A € k \ {0}.
Then,
P(V) = (V\{0})/~.

Denote the equivalence class of (xq, - - - ,x,) € A"\ {0} by [x0: - : x,].
Proposition 12.3. P* = A" UP""! gs sets.

Proof. Take some j € [n]o and let

Uj=A{[xo:-:x,] €P"|x; #0}
Then, we have bijective map ¢;
®j
/]\,L
U; A"
e —
(p—l
@
[XO e :xn] <—l) (X()/Xj,--- ’x]—17x]/x] = 1’xj+17”'xn/'xj)
o
The complement of U; is P \ U; = {[x1 : --- : x,] | x; = 0}, so we have bijection
P"\ U, = P"!
[xp:--- cXj-1 30:Xj+1 Dot X)) e (X, s Xj—1, X415 2 Xn)

Corollary 12.4. By induction, P" = A" UA" ' -.- U AT LA
Corollary 12.5. Each [xo : -+ : x,] € P"is s.t. (x0,+ - ,x0) #0, 50 P" = e[n), Uj-
Proposition 12.6. For X C P, TFAE

1) ¢;(XNUj) C A" isclosedVj € [n]o

2) Preimage n='V) of projection m : A"\ {0} — P" is closed in A"\ {0}

3) n~Y(V) U {0} € A™" is a cone with vertex 0.

4) V is the vainishing set of a collection of homogenous polynomials Fy,- - - , F; € O(A™).
Definition 12.7. Any subset V C P" that satisfies Prop[12.6]is called a projective algebraic set.

Corollary 12.8. The closed sets of the quotient topoology on P = (A"*1\ {0})/k* are the projective
algebraic sets.

Corollary 12.9. Uy - - - U,, C P" are open, so they form an open ccover of P".
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Corollary 12.10 (Projective Nullstellensatz).

{closed T € P"} = {radical W 4 O(A"™') generated by homogenous poly.}

T I(T)
V(W) <« W
Corollary 12.11. V C P" is irreducible iff (V) is prime.
Corollary 12.12. The Zariski topology on P" is Noetherian.

Corollary 12.13. Every closedV C P" has a decomposition into a union of irreducible closed subsets,
unique up to permutation.

Definition 12.14. If W < V, then P(W) < P(V) is called a linear subspace. It has dimension
dimW — 1. If it has dimension d, then it is a d-plane. If it has codimension 1, then it is a hyperplane.

Remark 12.15. Any linear subspace W < V is a cone and hence P(W) < P(V) is closed.

Definition 12.16. For X C P(V), the span of X is the smallest linear subspace containing X i.e.

span X = ﬂ P(W) <P(V)
P(W):XCP(W)

Definition 12.17. Points py, - - - , p; € P(V) are linearly independent if span{py, - - - , p;} is an [-plane.
Else, they are linearly dependent.

Definition 12.18. A homography or projective linear transformation is an isormorphism of projective
spaces derived from a linear isomorphism i.e. ¢ : V — W gives P(¢) : P(V) = P(W)

13 Location, Sheaves, & Varieties

Definition 13.1. For algebraic set V € A" and open U C V, function f : U — k is regular if
Vp € U, 3 open subneighborhood W C U of p and regular functions g, h € O(V) s.t.

LVIhNW £ 0

8l

Z
w

2. f|W:

Proposition 13.2. For algebraic set V with f € O(V) and let Uy =V \ V(f) be the associated open
set. Then,

oUy) = {% lgeO(V),n> o}
=o0W)[f'
=0W)[t]/(tf - 1)

which is also known as the “localization of O(V) at f.”
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Definition 13.3. For topological space X, a presheaf of k-algebras (respectively sets, groups, rings,
-+ +) is an assignment
U F(U)

of a k-algebra (respectively set, group, ring, - - -) to each open set U C X and a k-algebra (respectively
set, group, ring, - - -) homomorphism

FU) —» F(V)
s — sy, v denoted s|V
for each open inclusion V C U s.t.

. (Avwu= idg)VYopenU C X

2. uv&Hv,w = (-uwYopenW CV U
A presheaf is a sheaf if the following 2 conditions hold V open covers | J;c; U;

1. Locality: if s,¢ € F(U) are s.t. s|U. Viel, thens =1¢.

=1y,
2. Glueing: if s; € F(U;)Vi € I are s.t.
U; = Sl'\ﬁ el.

A subsheaf G C F is asheaf s.t. G(U) € F(U)VY open U C X.

S"|UmU, = sj|UmUjVi,j € I, then Is € F(U) s.t.

4

Example 13.4. For topological space X,
Tunlf( : U — {k-valued functions on U}

forms a sheaf.
C% : U + {continuous R-valued functions on U}

forms a subsheaf of Tun;Rz. If V € A" is closed,
Ox: U 0O)
is a subsheaf of FunX.

Definition 13.5. A (concrete) ringed space over k is a topological space X equipped with a subsheaf
OX c 7:1111;((.

Definition 13.6. An algebraic variety over k is a concrete ringed space (V,O(V)) if V is Noetherian
and locally isomorphic to a closed subset of affine space.

Definition 13.7. An algebraic variety (V,O(V)) is

* affine if it is isomorphic to a closed subset of A" for an n > 0.

* quasi-affine if it is isomorphic to an open subset of an affine variety (i.e. V = W\ X for
X C W C A" closed).

* projective if it is isomorphic to a closed subset of a projective space.

* quasi-projective if it is isomorphic to an open subset of an open subset in a projective variety
(i.e. V=W\Zfor Z C W C P”" closed).

Remark 13.8. affine = quasi-affine = quasi-projective <= projective
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